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Abstract: In this paper we propose an approach to enhance SAR images, in terms of image 

contrasts, based on identification functions of the Volterra Filter. We obtained good results, and these 
improvements (enhanced images) can be used by automatic classification and identification 
algorithms. 
 

Key words:  Gamma, Volterra Filter, SAR Images 

 

I. Introduction 

In this study we apply tests to check the SAR 
image that could be improved in terms of image 
contrast. Functions to identification of the Volterra 
filter were developed, which determined the 
coefficients of the second order filter. The 
generalized inverse estimator was used in the 
minimization process regarding an enhanced 
image by a Gamma filter which presented the 
best performance, the image resulting from the 
sum of the two images filtered  by  two filters  can 
be classified and its result and much better 

compared to a linear filtration. 

 

2. Problem 

By means of a functional relation between the 
value of each image pixel and the Volterra series 
coefficients ),( hXfy 


, are expanded in 2º  terms 

and order 2 with  memory length N. The next step 

is to define a Volterra series with k channels that 
was stationary and time discrete. So the system 

is represented in the form, where Zkky }ˆ{  

represents the output sequence determined by  
equation (1) corresponding to the input sequence 
 

ZkkX


 (Z is the integers).  

 

 
 

The    Njhh jjj ,....,1   e 2,1
21

1  , correspond to the 

Volterra series kernels, that is, the filter weights. 
In this study we can assume the series is 
symmetric without losing the generality [Rob96a]. 
So we can write in the form 

},{ 121111  jkjkjkk XXXX
 

which represents a 

transposed line vector containing the same 
elements product and the crossed product that 
are defined as Kronecker Products [2,3]. The 
transposed line vector kh  is defined as 
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 2
2,1

1
1, jjjk hhh . Now let´s rewrite the equation (1) 

in the matrix form as: 
                                                                     

kkk hXy ˆ .                                             (2) 

 
 

The input sequence is defined by kX ,  which 

corresponds to the Volterra series concatenating 
the image I .  
The optic sensor images are defined as a 
transposed line vector y , )1(,...,0:)(  mjjI . So, 

the problem to be solved is to minimize the 
difference between the approximated image by 
Volterra filter ky


and the registered image y . The 

equation below represents this minimization by 
using minimal squares as being: 

                                                                   
2

ˆmin εyyh  kk
                                       (3) 

 
where ε  is the noise vector. So substituting the 

equation (2) in the equation (3) we have 
                                                                

2

min εhXy
kh  kk .                                   (4) 

 
The minimization of the equation (4) regarding 
the coefficients vector kh  implies solving a 

numerically unstable and linear inverse problem. 
This instability is understood as belonging to the 
problem itself, although the system of the 
equation (4) is over-determined because it always 
presents the observation quantities greater than 
the parameter quantities, the problem is ill-
conditioned. This fact expresses the instability of 
the inverse problem, so we can define this 
problem as having incomplete rank. In this case, 
the incomplete rank corresponds to the numeric 
instability described by [1]. So, in order to change 
from a problem with incomplete rank to a problem 
with complete rank it is necessary to use an 
artifice that corresponds to introducing prior 
information. This is done here by using the 
Inverse Generalized Estimator.    
 
In order to study each  numeric instability of each 
processed image we applied experiments with 
the SVD decomposition (Single Values 
Decomposition). This study allows us to verify the 

linear dependence degree between the elements 
of each line and each column of the matrix 
studied. 
 
In practical terms, this dependence means that 
different targets on the earth is surface present 
very close wave lengths and, as consequence, 
there are many combinations between each 
other, making difficult the estimative of the filter 
coefficients.  
 
By definition, the rank of y is equal to ),( min mnr  . 

When we have linear dependence between the 
image pixels we can take )( rm   not null single 

values. There is also an interval of single values, 
which are very close to zero, responsible to the 
numeric instability of the equation (4). So we can 
evaluate this interval of single values which 
correspond to determine a rank of the equation 
(5), that is, to determine the value r  in this 
interval.  
 
Assuming that there is the inverse matrix of 

)( kk
XX

t , so we apply its single values 

decomposition,  where we have: 
 
 

t
rrrk

t
k VSUXX )(                                             (5) 

 
 
where the matrixes are orthogonal and their 

respective dimensions are: )();();,( rxmrxrrn t
rrr VSU . 

When nmr  , both the resolution matrix t
rrVVR   

and the information density matrix t
rrUUF  , are 

not identity matrixes, but the generalized inverse 
estimator continue satisfying the equations of the 
single values decomposition, which guarantees 
that RF  and are close to the identity matrix in the 

minimal squares sense. However, as t
rrVV  and 

t
rrUU are singulars, the Generalized Inverse is not 

the only estimator with such proprieties to this 
resolution. Before defining a criterion which 
determines the effective rank r, it is necessary to 
define the condition number c of the equation (5), 

by definition, the condition number is always 
greater than 1, 1c .  
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Generally the norm used in order to evaluate the 
condition number is the spectral norm:  where i  

is a eigenvalue of X . So, the condition number is 

given by where the greater eigenvalue of  1
X  is 

the smaller eigenvalue of the X . So we can write 

that 
min

max)(



XX

tc ,   is now eigenvalue of 

XX
t  . So the single values of X  are determined 

.  e   ,ou  ,)
min

()( min

2

minmax

2

max

2max 



XXtc .  This way, 

we say that the condition number of X  is 
min

max


 . 

In order to determine a conservative rank of X , 
we choose r as being the major integer that 

satisfies ,minmax k
rS

S









 , where kmin is the 

threshold of the X  condition number, or the 
superior limit of the quotient. The inferior limit of 

the single values is   crSrS 1/ . Usually this 

value is close to 0.001.  The Generalized Inverse 
is the stable estimator which has, as prior 
information, the fact that the solution has minimal 
Euclidian norm. So, we can apply the definition of 
the Generalized Inverse estimator combined with 
the just studied conditions in order to estimate the 

coefficients vector kĥ , 

                                                              

    max i
ispec
X .                               (6) 

    X
min

max1




 

Xc                          (7) 

yXXXh
t

rk ,r

t

k ,rk

1)(ˆ  .                         (8) 

 

3. Applications 

Two images were used. The first one is a image 
filterd by Gamma filter. (Figure 1). The second is 
a image filterd by Volterra filter. (Figure 2). Its 
dimensions are 512 pixels x 512 pixels.  As 
reference image we have the SAR image (figure 
1). These image were filtered with the highpass 

linear filter 33x
Hh = [-1 0 -1;0 5 0; -1 0 -1], and with 

the lowpass filter 33x
Lh =[1 0 1; 0 4 0; 1 0 1], the 

results can be seen in the figure 2. The figures 3, 

shows the result of the sum between 1 and 2 
figures, which corresponds to a resulting image. 
The result of the process sequence is in figure 4, 
an image classified with K-means classifier. 
4. Implementations 
 
All programs use a vector as structure that 
contains the input image. The Volterra series was 
expanded to any order P and with M to N joined 
terms. The support region of each band studied 
until the second order is    

2/)1(1 222 NNNS  .  The Matlab 

7.1.(R2010a) platform was used in the 
implementation of the functions. All of the 
programs were codified by th authors to PC 
computers. Subsequently, we have the flowchart 
of the developed functions. We defined the 
experiment with the following values:  P=2, M=0 
and N=2. The coefficients were estimated with 

just one iteration. The linear filter 33x
Hh  was used 

to define the excitatory image y , which is 

minimized in the equation (8). The Gamma filter 
software was implemented by Santa Rosa & 
Meneses [4]. 
 

4.Conclusion 

The methodology developed in this work 
introduces a form emphasized for different 
borders, and characterizes itself in a non linear 
technique which can be controlled in terms of 
numeric instability in a very reliable way. The 
utilization of the Generalized Inverse allows the 
introduction of prior information which guarantees 
the degree of stability in the numeric process. In 
this way, this problem is solved. Its applicability is 
very wide on many image sensor systems. The 
results are very important, mostly when the 
intention is to use this process followed by 
automatic classification and segmentation.  
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